resolved, see [5] , [6] , [11] , [12] , [15] , [26] , [29] for example. In the same way, Krivelevich and Yuster [14] introduced the concept of rainbow vertex connection number. For more results, the reader can see [16] , [20] for details. As a natural extension, Uchizawa et al. [30] and Liu et al. [21] introduced the concept of total rainbow connection number, respectively. For more results, the reader can see [7] , [13] , [22] [23] [24] for details. The survey [18] and a new monograph [17] have given more results on the rainbow connectivity of graphs.
In [8] , Dorbec extended the concept of the rainbow connection number to strongly connected digraphs. Let , for more details, please refer to the papers [1] , [2] , [8] , [27] . The concept of proper edge-coloring has been very important since the publication of Vizing's classic work [31] . The proper connection in graphs was first introduced by Borozan et al. in [4] . An edge-coloring of a connected graph G = (V (G), E(G)) is a mapping c: E(G) → {1, 2, . . . , s}. Given a pair of vertices v i , v j ∈ V (G), a v i −v j path is a proper path if there is no two adjacent edges on this path have the same color. An edge-colored graph G is proper connected if any two vertices v i , v j ∈ V (G) there is a proper path between them. The proper connection number of a connected graph, denoted by pc(G), is the minimum s such that there is a proper connected edge-coloring of G. Indeed, it is very interesting towards determining the proper connection number of graphs, and many results have been resolved, see [4] , [10] , [19] , [25] for example.
Let , is the minimum s such that there is a strong proper connected arc-coloring of D. There are some results about the − → pc(D), for more details, please refer to the papers [9] , [28] .
In this paper, we will provide some basic results on − → pc(D) and − → spc(D), mostly for the case of the (strong) proper connection numbers of cacti and circulant digraphs.
II. DEFINITIONS AND SOME BASIC RESULTS
We begin with some definitions about digraphs. Let D = (V (D), A(D)) be a strongly connected digraph. A directed path P is a sequence v 0 , v 1 , . . . , v n−1 of vertices with v i v i+1 ∈ A(P) for 0 ≤ i ≤ n − 2. The directed path P, going from v 0 to v n−1 , is a v 0 − v n−1 path. A directed circle C is a sequence v 0 , v 1 , . . . , v n−1 of vertices with v i v i+1 ∈ A(C) for 0 ≤ i ≤ n − 2 and v n−1 v 0 ∈ A(C), the subscripts are considered modulo n, v s = v i for every s and i such that i ≡ s mod n. We will often view paths and circles as subdigraphs. For an arc xy the first vertex x is its tail and the second vertex y is its head. We also say that the arc xy leaves x and enters y. We define that x + means the arc leaving x and x − means the arc entering x.
In order to admit a proper connected arc-coloring or a strong proper connected arc-coloring, a digraph must be strong. Note that
proper connected. Now we will present some basic results for the proper connection and strong proper connection numbers, for general digraphs.
Theorem 1 [28] :
Theorem 2: Let D be a nontrivial strong digraph of order n.
Proof: Theorem 3: Let C n be a directed circle of order n(n ≥ 3). Then
Suppose n is even. Let c be an arc-coloring with 2 colors defined as follows:
We will see that C n is proper connected with 2 colors, so
Suppose n is odd. Let c be a proper connected arc-coloring with 2 colors. Then there must exist two adjacent arcs v i−1 v i and v i v i+1 colored the same, which implies there is no proper path from v i−1 to v i+1 , a contradiction. Then we have − → pc(C n ) ≥ 3. By Theorem 2.1, we have − → pc(C n ) = 3. Since for any two vertices v i , v j in C n , there is a unique v i − v j path, we conclude − → spc(C n ) = 3. For the relationship between the proper connection numbers of a digraph and its spanning subdigraphs, it is not hard to say that the following holds. Alva-Samos and Montellano-Ballesteros in [1] considered that for a connected graph G,
For the proper connection, we have the quasi results in the following theorem. 
..,n r is the complete r − partite digraph with n i ≥ 2 for some i, then we have
Let c be an arc-coloring of ← → P n with 2 colors, color the adjacent arcs on the v 0 − v n−1 path with different colors and, in the same way, color the adjacent arcs on the v n−1 − v 0 path with different colors. It is not hard to say that ← → P n is strong proper connected, we obtain − → spc(
Assign an arc-coloring c to ← → C n as follows: c(v
. It is not hard to see that ← → C n is proper connected, and so − → pc(
Assign an arc-coloring c of ← → C n defined as follows: c(v
. . , V r be the r − partition on independent sets of V ( ← → K n 1 ,n 2 ,...,n r ). Define an arc-coloring c of ← → K n 1 ,n 2 ,...,n r as follows: for each arc
..,n r ) = 2, we can verify that ← → K n 1 ,n 2 ,...,n r is strong proper connected.
..,n r ) = 2. Let D be a strong spanning connected subdigraph of ← → C n with at least one asymmetric arc. In 
III. CACTI DIGRAPHS
In [2] , Alva-Samos and Montellano-Ballesteros considered the rainbow connection number of cacti digraphs. In this section, we will study the proper connection number of cacti digraphs. Let Q be a strongly connected digraph, Q is a cactus if each arc belongs to only one directed circle. A block is a maximal subdigraph without a cut-vertex, and there must exist at least one end-block in Q. Lemma 9 [2] : Let Q be a digraph with n vertices and m arcs. Then the following statements are equivalent.
(i) Q is a cactus.
(ii) Q is a strong digraph in which every block is a directed circle.
(iii) Let q be the number of blocks in Q. Then Q has a decomposition into directed circles C n 1 , C n 2 , . . . , C n q such that, for each s = 2, 3, . . . , q, we have
(iv) There is exactly one directed path between any pair of vertices of Q.
A digraph Q is an (n, q) − cactus, it means that Q has n vertices and decomposition into q directed circles. For any pair of vertices a, b in V (Q), there is exactly one directed path from a to b, denoted by aQb. Observe that since the directed path between any pair of vertices of Q is unique, in any proper connected coloring of Q such a directed path must be proper and this implies that − → pc(Q) = − → spc(Q). Denote by K Q the set of all cut-vertices in Q, and denote by C (x) the directed circle containing arc x for x ∈ A(Q). By Lemma 3.1, we know that if Q is a cactus, then for each vertex a ∈ V (Q),
Theorem 10: Let Q be an (n, q) − cactus with q ≥ 2. Then
Proof: We know that if Q is a cactus, then Q has a decomposition into directed circles C n 1 , C n 2 , . . . , C n q . Let
Case 1: n i is even with 1 ≤ i ≤ q. By the definition of Q, it is not a biorientation of K n , we have − → pc(Q) = − → spc(Q) ≥ 2. Let c be an arc-coloring of Q with 2 colors, for each vertex a ∈ K Q , c(a + ) = c(a − ), and others are colored different from their adjacent arcs on each directed circle. We can easily check that Q 1 = C n 1 is proper connected with 2 colors, and the digraph Q 2 with a cut-vertex is also proper connected. By induction, assume that the graph Q q−1 is also proper connected, we only need to check the graph Q is proper connected. For any pair of x, y ∈ Q q−1 (x, y ∈ C n q ), it is not hard to see that there exists a proper geodesic between x and y; suppose x ∈ Q q−1 , y ∈ C n q , and there is a cut-vertex u, with the arc-coloring of Q, we know that c(u + ) = c(u − ). xQ q−1 uC n q y is the proper geodesic from x to y, yC n q uQ q−1 x is the proper geodesic from y to x. Therefore, c is a proper connected arc-coloring, and so − → pc(Q) = − → spc(Q) = 2. Case 2: There exists an odd directed circle C n i . By the definition of Q, Q ← → K n , we have − → pc(Q) ≥ 2. Let c be a proper connected arc-coloring of Q with 2 colors, there must exist two adjacent arcs colored the same on the odd directed circle C n i . For any pair of vertices x, y in C n i , there is exactly one directed path between x and y. By Theorem 2.3, C n i is not proper connected with 2 colors. Then Q is not proper VOLUME 7, 2019 connected, and thus − → pc(Q) = − → spc(Q) ≥ 3. By Theorem 2.1,
IV. CIRCULANT DIGRAPHS
Alva-Samos and Montellano-Ballesteros considered the (strong) rainbow connection number of circulant digraphs in [1] . In this section, we will study the (strong) proper connection number of circulant digraphs. For an integer n ≥ 2 and a set R ⊆ {1, 2, . . . , n − 1}, the circulant digraph C n (R) is defined as follows: Theorem 11:
or n is even and k = 1; 3 n is odd and k = 1.
Proof:
Suppose n is even. With the structure of the digraph
Case2: Suppose n is odd. We know that C n ( [1] ) is a directed circle C n . By Theorem 2.3, we have
Let c be an arc-coloring of C n ([2]) defined as follows: assign c(v 
By [1, Claim 1, page 2204], we know that for any pair of 
We just consider that a ≥ b + 1, and let l be the maximum integer satisfied that (s
, then there is a v sk+a − v tk+b geodesic: 
) ≥ 2 and the result follows. Now, we will see some circulant digraphs with a pair of generators 1, k with 2 ≤ k ≤ n − 1.
Corollary 13: 
V. CONCLUSION
In recent years, the concept of proper connection number of digraphs has been concerned by scholars. Moreover, Ducoffe et al. [9] verified that the computing of whether − → pc(D) ≤ 2 is NP-complete. Later, determining the proper connection number of special digraphs is meaningful. We mainly present some basic results on proper connection numbers and strong proper connection numbers of digraphs, mostly for cacti and circulant digraphs.
